Abstract. Usin the Painlev test, it is shown that the only interablc nonlinear Klein-Gordon equations ux,=f(u) with f a linear combination of exponentials are the Liouville, sine-Gordon (or sinh-Gordon) and Mikhailov equations. In particular, the double sine-Gordon equation is not interable. (1), (x,t) (?tx,-it),
In [7] , two of the present authors (J. B. M. and P. J. O.) considered the problem of which nonlinear Klein-Gordon equations (1) u:,t=f (u ) are completely integrable. They referred to the Ablowitz-Ramani-Segur (ARS) conjecture, [2] , [3] It was shown in [7] that if f(u) is a linear combination of exponentials, the only equations of type (1) [5] . An obvious candidate to reduce (4) to is the equation (5) w"
which is canonical form number 13 in [5, p. 335]. Thus we need to determine when (4) can be reduced to the canonical form (5) . The change of variables (6) reduces (g) to
where the sum is on n= 2,1,-1 and -2 (but not 0!) and the b,'s and c,'s are related by irrelevant powers of p.
In order for (7) (6) with p= 2, q=0 is a rather contrived way to reduce (4) to the canonical form (5) compared with the more obvious choice v= w 2. To check that if blbg_ 4: O, equation (4) does not have the Painlev6 property, one could study the behavior of its singularities and show that they are not pure poles, or, alternatively, follow through Painlev6's deviation of the fifty canonical forms, as in [5] , and see that it does not fall into one of these categories. Instead of doing this, however, it is just as easy to check the Painlev6 property for the partial differential equation (2) directly, using the method introduced by Weiss et al. [10] , [11] , and improved by Kruskal [6] . First set v exp(flu), so (2) becomes (8) OOxt OxO + C2 o4 + Cl U3 + C_ o + C_ 2" Suppose o(x, t) is singular along the curve +(x,t)=x+cp(t)=O with q arbitrary. Let us expand v near this curve in a Laurent series (9) o--r Z a,(t)q". Balancing the lowest powers of + in both sides of (8) (9) . Terms of the form (a2 + 6210gb) are needed at that order, and at higher and higher orders in q one will need higher and higher powers of logarithms of q. Such an expansion is not of Painlev6 type.
In [7] the proof of the ARS conjecture was done by first showing that the solution o(x, t) must be meromorphic when both x and are allowed to assume complex values. This was then specialized to gain the required Painlev6 property of group-invariant solutions. It also immediately gives the modification of the ARS conjecture by Weiss et al. [10] , [11] In conclusion the analysis of the singular behavior of solutions shows that the solutions are meromorphic along arbitrary curves if and only if blb2--0 and b_b_ 2 =0. We conclude that the only possible integrable cases are the Liouville, sine-Gordon By (10), (11) all the terms cancel except for %dao/dt, the value of which is dq0 2aoa2---+ 6c2aoa + 4c2a3oa2 +
